Following the Schwinger boson representation for the su(M +1)-and the su(N, 1)-algebra presented by two of the present authors (J. da P. and M. Y.) and Kuriyama, a possible counterpart of the Lipkin model in the su(M + 1)-algebra formulated in the fermion space is presented. The free vacuum, which plays a fundamental role in the conventional treatment of the Lipkin model, is generalized in a quite natural way, and further, the excited state generating operators such as the particle-hole pairs are also given in a natural scheme. As concrete examples, the cases of the su(2)-, su(3)-and the su(4)-algebra are discussed. Especially, the case of the su(4)-algebra is investigated in detail in relation to the nucleon pairing correlations and the high temperature superconductivity.
particle level is fully occupied, (ii) the lower three single-particle levels are fully occupied and (iii) the lower two levels are fully occupied. The particle-hole pair Tamm-Dankoff approximation suggests us that, in the cases (i) and (ii), there exist three excited state generating operators, but in the case (iii), there exist four. The above means that depending on the difference of the free vacuums, the number of the excited state generating operators is different from each other. Therefore, we should clarify the meaning of this difference. Further, we know two su(4)-algebraic models in many-fermion systems. One is related to the isospin vector and scalar pairing correlations.
3) This is a form extended from the so(5)-model for the isospin vector pairing correlation. 4) The other is related to the high-temperature superconductivity, 5) which was also extended from the so(5)-model. 6) For investigating these su(4)-models, the use of the free vacuum, in which the lowest level is only occupied, seems to be helpless. In the above-mentioned reasons, it may be interesting to formulate the Lipkin model in the su(M + 1)-algebra. Of course, this model consists of (M + 1) single-particle levels with the same degeneracy, in which each level is specified by i = 0, 1, 2, · · · , M. As a vacuum, the single-particle levels i = 0, 1, 2, · · · , l are occupied by fermions. Then, our problem is reduced to determine the number of the excited state generating operators, and further, the concrete forms of these operators.
Usually, the su(2)-, the su(3)-algebraic models and their generalization have been discussed in relation to the excitations from the free vacuum, in which the lower single-particle levels are fully occupied. However, the su(2)-and the su(3)-models have also contributed to the schematic understanding of finite temperature effects in many-fermion systems, for example, we can find the case of the su(2)-model in Ref. 7 ) and the case of the su(3)-model in Ref. 8) . Therefore, it may be a meaningful problem for the study of finite temperature effects to generalize the su(2)-and the su(3)-algebraic models. However, in this case, the use of the free vacuum is helpless even the closed-shell systems. For this purpose, the structure of the free vacuum must be extended. This task is also inevitable for the generalization. We will call the state extended from the free vacuum as the intrinsic state. In §3, the reason will be mentioned. We will name the generalization as the Lipkin model in the su(M +1)-algebra.
In addition to the above, it is well known that the boson expansion theories were proposed by Belyaev and Zelevinsky in 1962 9) and in slightly different viewpoint by Marumori, Yamamura (one of the present authors) and Tokunaga in 1964. 10) Afterward, the boson realization of the Lie algebra has played a central role in the schematic studies of nuclear many-body problem, and in particular, in the field of microscopic studies of collective dynamics. Concerning these studies, Ref. 11) is instructive. In response to this circumstance, two of the present authors (J. da P. and M. Y.) and Kuriyama proposed a possible boson realization of the su(M + 1)-algebra and its associated su(N, 1)-algebra. 12) Judging from the form analogous to the boson realization of the su(2)-algebra presented by Schwinger, 13) we can call it the Schwinger boson representation. Further, this representation was applied to the Lipkin model in the su(M + 1)-algebra and various interesting aspects of this model were investigated. 14) However, the subjects, which were mentioned in this section, are not able to be solved transparently. The reason will be given in §5.
A main aim of this paper is to formulate a possible counterpart of the Lipkin model in the su(M + 1)-algebra in the framework of the Schwinger boson representation developed in Ref. 12). As was already mentioned, even if we start in the free vacuum as a kind of the intrinsic states, this model suggests various interesting features of the dynamics of manyfermion systems. However, there exist the cases in which the free vacuum is helpless. For such cases, we must construct the intrinsic state suitable for each problem. But, for this construction, the degrees of freedom, which do not connect directly with the su(M + 1)-algebra, appear explicitly. Of course, this discussion presupposes that the Hamiltonian and other quantities are expressed in terms of the generators of the algebra. From this reason, it may be a quite tedious task to construct the intrinsic state explicitly in the original fermion space. Also, the construction of the excited state generating operators contains also the same trouble as that in the above. In contrast to the above-mentioned situation, in the Schwinger boson representation, the system under investigation is expressed in terms of the minimum number of the degrees of freedom which describes the algebra. In this sense, the construction of the intrinsic state in the boson space may be much easier than that in the original space.
This is the reason why we intend to develop a possible counterpart of the Lipkin model in the su(M + 1)-algebra in the framework of the boson space. Of course, not only for the investigation of collective motions but also for the study of finite temperature effects, the results, which can be derived in the boson space, should be expected to be equivalent to those, which may be derived in the fermion space.
After recapitulating the Schwinger boson representation for the su(M +1)-algebra and its associated su(N, 1)-algebra in §2, the Lipkin model in the su(M +1)-algebra is summarized in §3. In §4, the Holstein-Primakoff boson representation for the su(M +1)-algebra is presented together with the limitation of the applicability. Section 5 is devoted to constructing the intrinsic states in the Schwinger boson representation. In §6, various properties of the intrinsic states are presented. Finally, in §7, as the concrete example, the cases of the su(2)-and the su(3)-algebra are discussed, and further, the su(4)-algebra is investigated in relation to the nucleon pairing correlations and the high-temperature superconductivity. In Appendix, applicability of the intrinsic state in the boson space to the finite temperature effects is presented. 
The Casimir operatorΓ su(M +1) is expressed in the form
The su(N, 1)-algebra is composed of the operators (
The Casimir operatorΓ su(N,1) is given in the form
As a possible boson realization of the above two algebras, two of the authors (J. da P.
and M. Y.) and Kuriyama presented the form shown in Ref. 12):
In the above forms, ( (2)-algebra in the original form, 13) we call these forms the Schwinger boson representation. it should be noted that the two sets
commute mutually for any combination:
Further, it should be noted that there exists an operatorR which commutes with any operator defined in the forms (2 . 3) and (2 . 4):
The operatorR is related toŜ andT introduced in Ref.
2) in the form
In this paper, we treat the case N = M − 1. The reason will be later clarified. In Ref. 14) , we treated the case N = M. In the framework of the above form, we investigate a possible counterpart of the Lipkin model in the su(M +1)-algebra for many-fermion system presented in the next section. §3. The Lipkin model in the su(M + 1)-algebra and its intrinsic states
In this section, we recapitulate the Lipkin model in the su(M + 1)-algebra developed in Ref. 14) . Of course, this section contains a viewpoint different from that in Ref.14). We consider a shell model consisting of (M + 1) single-particle levels, each of which is specified by a quantum number i (i = 0, 1, 2, · · · , M). The degeneracy of each level is Ω-fold. Then, introducing quantum number µ (µ = −λ, −λ+1, · · · , λ−1, λ ; λ = half-integer, Ω = 2λ+1), the single-particle state can be specified by (i, µ). In the above shell model for many-fermion system, we introduce the hole-operator (β µ ,β * µ ) for the level i = 0 and the particle-operator (α iµ ,α * iµ ) for the levels i = 1, 2, · · · , M. With the use of the above fermion operators, the following operators can be defined:
We can prove that the form (3 . 1) satisfies the relation (2 . 1), i.e., a kind of the su(M + 1)-algebraic models. If the single-particle level i = 0 is fully occupied by fermions, the operator S i describes particle-hole pair excitation.
First, we generalize the free vacuum in §1. For this purpose, let us presuppose that, in the present fermion space, there exist a state |m uniquely, which is governed by the following condition:
We call |m the intrinsic state, which includes the free vacuum discussed in §1. In the terminology analogous to that appearing in nuclear rotational model, we use the intrinsic state. The excited states are obtained by operating the excited state generating operators on |m appropriately. The detail will be discussed later. Operating with S i i on the both sides of the condition (3 . 2) and using the commutation relation (2 . 1b), we have
for any k and i ,
Under the relation (3 . 3), the presupposition of the existence of the unique |m leads to
Here, σ i denotes c-number. The relation (3 . 4) is nothing but the eigenvalue equation for the operator S i i , and of course, σ i is real. The eigenvalue σ i is governed by the relation
The condition (3 . 5) is derived by the relation
It may be self-evident that the state |m is specified at least by M quantum numbers and it is the eigenvalue of the Casimir operator:
Here, (γ) denotes a set of the quantum numbers which do not relate directly to the su(M +1)-algebra.
In the set (γ), total fermion number plays a special role. The operator of the total fermion number N is written down as
The operator N obeys
Further, it is important to see that N cannot be expressed in terms of a function of ( S i , S i , S j i ). Therefore, in addition to the eigenvalue equation for S i i , independently, we can set up the eigenvalue equation:
Therefore, |m is regarded as a state with N fermions. The operators (Ω − µβ * µβ µ ) and µα * iµα iµ are expressed as
Then, the following eigenvalue equation is derived:
Inversely, we have
As is clear from the above argument, the total fermion number N is essential for understanding fermion number distribution in the intrinsic state |m of the Lipkin model in the su(M + 1)-algebra, but, it is a quantum number additional to those which are proper to the su(M + 1)-algebra, i.e., (σ 1 , σ 2 , · · · , σ M ). Therefore, it can be concluded that the minimum number of the quantum numbers specifying |m for the su(M +1)-algebra is M. Concerning the concrete expression of |m , we can find it easily for the case of the free vacuum:
The state (3 . 13) satisfies the condition (3 . 2) and we have
In the present case, the excited state generating operators which we denote as Φ i and Φ i j may be given as
The form (3 . 15) is suggested by the particle-hole pair Tamm-Dankoff approximation. However, practically, it may be almost impossible to obtain the explicit form of |m except for the form (3 . 13), because we must specify the set of the quantum numbers (γ) except for N for |m , and further, it may be almost impossible to specify the excited state generating operators. The above consideration leads to the following viewpoint: The Lipkin model in the su(M + 1)-algebra is workable for the description of collective motion and its coupling to non-collective degrees of freedom based on the free vacuum. However, for the study of finite temperature effects, this model does not work in the framework shown in this section, because all the intrinsic states are necessary. Later, we will contact this problem. §4. The Holstein-Primakoff boson representation for the su(M + 1)-algebra
As a possible boson realization of the su(M +1)-algebra, we know the Holstein-Primakoff boson representation, the original form of which is for the su(2)-algebra. 15) In this representation, the generators (S i , S i , S j i ) can be expressed as follows:
Here, σ denotes a positive integer. The operator (ĉ i ,ĉ * i ) denotes the boson operator. Of course, the form (4 . 1) obeys the su(M + 1)-algebra.
An intrinsic state |m) in this representation is the vacuum forĉ i :
The state |m) obeys S i |m) = 0 for any i ,
3)
From the above treatment, it may be clear that there does not exist any possibility to introduce new quantum number such as N . Then, in order to regard the present representation as a counterpart of the Lipkin model in the su(M + 1)-algebra, we introduce the quantity (Ω − n) as a parameter. Since any of σ i is equal to σ, we can define n i as follows:
Therefore, N is given in the form
We can see that n i does not depend on i and if n = n i = 0, we obtain
The above means that the single-particle level i = 0 is occupied fully by Ω fermions and all the other levels are vacant, i.e., a closed shell system. It is well known fact and usually this case has been investigated. However, it is noted that the applicability of the HolsteinPrimakoff boson representation is wider than the case (4 . 7). We can treat the following case:
(Ω − n) fermions occupy the single-particle level i = 0 and all the others are occupied by (Ω − n − σ) fermions for each level. However, it should be noted that, in the framework of the Holstein-Primakoff boson representation, it is impossible to treat the case such as the case where two levels i = 0 and 1 are occupied and the others are vacant. The aim of this paper is to present an idea, with the aid of which the above cases can be treated.
In the next section, we will investigate the above-mentioned problem and as a preliminary argument, we will show the same results as the above in the framework of the Schwinger boson representation presented in §2. As the intrinsic state |m , we can choose the following form: The relation (5 . 2) gives us
The above leads to
The case N = M was treated in Ref. 14) . In this case, |m consists of (M + 1) quantum numbers, in which the M quantum numbers are related to the eigenvalues ofŜ
and the last one is related to the eigenvalue of a certain operator expected to play the same role as that of N in the Lipkin model in the su(M + 1)-algebra. The form obtained in this framework is too complicated to come up to our expectation. Then, in this paper, we treat the case
In this case, |m is specified by M quantum numbers. Then, in order to obtain a counterpart of the Lipkin model in the su(M + 1)-algebra, as a parameter, we introduce the quantity
(Ω − n) in the same way as that in §4. Let us construct the state |m . First, we note that the condition (5 . 1) suggests us the following form for |m : |m is expressed only in terms of the operatorsb * andb p * i
. Under this note, we introduce the operatorb
We can prove the following relation for any (i, j ; j > i) and k: With the use ofb k (M) * , we define |m in the form
Here, the normalization constant is omitted. SinceŜ i andT p contain the annihilation operatorsâ i andâ p and the state |m is constructed in terms ofb * andb p * i , we have the first of the relation (5 . 1). With the use of the relations (5 . 8) and (5 . 9), we also have the second of the relation (5 . 1). Therefore, the state (5 . 10) can be regarded as |m .
We can prove that the state (5 . 10) is an eigenstate of the set (Ŝ i i ; i = 1, 2, · · · , M):
For the proof of the relation (5 . 11) with the eigenvalue (5 . 12), the following relation is available:
We, further, prove the following relation:
14)
In the same way as in the case ofŜ i i , the following relation is useful for the proof:
The proof of the relations (5 . 13) and (5 . 16) is straightforward. Thus, we are able to obtain the state |m under the condition (5 . 1), and further, in M quantum numbers. §6. Properties of the intrinsic state in the Schwinger boson representation First, we note the relations (5 . 12) and (5 . 15). These relations give
Therefore, the state |m is specified in terms of the eigenvalue ofŜ + 1) -algebra, we must introduce a quantity (Ω − n) as a parameter from the outside and define n i and N in the following forms:
Let us, first, examine the relation (6 . 3) in the case
We can see that the relation (6 . 5) is reduced to the relation (3 . 14). Therefore, the following state is a counterpart of |m shown in the relation (3 . 13):
The state (6 . 6) plays a role of the free vacuum in which the single-particle levels i = 0, 1, 2, · · · , l are fully occupied by fermions and the levels i = l + 1, l + 2, · · · M vacant. Next, let us investigate a case which is much more complicated than the previous one:
The relation (6 . 3) under the case (6 . 7) gives us
The relation (6 . 8) can be shown schematically in Fig.1 . Figure 1 suggests that we can describe various cases of fermion number distributions, for example, non-closed shell state including the case in which the fermion number is equal to lΩ (l: integer), but, the fermion number distribution is not of the closed shell form. Of course, the help of the non-symmetric representation is necessary.
14 Fig. 1 . The relation (6 . 8) for n i is schematically shown.
It may be an interesting problem to investigate the excited state generating operators which construct the excited states from the intrinsic state |m . The operatorsŜ i andŜ j i (j > i) are used to determine the state |m . This means that for obtaining the excited states, it may be necessary to investigateŜ
Since we are interested in the su(M + 1)-algebra, we will not contact withT p andT q p (q > p) in this paper. For this problem, the following relation should be noted:
The proof is in parallel to the case of the relation (5 . 8). In order to reconfirm the relation (3 . 15) for the Lipkin model in the su(M + 1)-algebra, which is suggested by the particle-hole pair Tamm-Dankoff approximation, we show the case (6 . 5), i.e., (3 . 14) . The general formula (6 . 9) suggests for the case (6 . 5) to divideŜ i andŜ i j (j > i) into two groups:
For the state (6 . 6), the relation (6 . 9) giveŝ
Further, we have
The relations (6 . 11) and (6 . 12) tell us thatΦ i andΦ i j play a role of the excited state generating operators from |m shown in the relation (6 . 6) . This supports the relation (3 . 15). However, in this paper, we do not contact with the problem how to construct orthogonalized excited states. Total number ofΦ i andΦ i j is (M − l)(l + 1). If m 0 = 0, m l = 0 and m k = 0 (k = 0, l), the excited state generating operators areΦ
. In this case, total number ofΦ i andΦ i j is (M +l(M −l)), and then, we can see that depending on the structure of |m , the number ofΦ i andΦ i j becomes different. The extension to more general cases may be straightforward.
As was already mentioned, the intrinsic state |m is specified completely by the set of the quantum numbers (σ 1 , σ 2 , · · · , σ M ). On the other hand, the intrinsic state |m is specified not only by (σ 1 , σ 2 , · · · , σ M ) but also by (γ). Clearly, both are not in the relation of one to one correspondence. Therefore, if |m is used to describe collective motion and its coupling to non-collective degrees of freedom, we do not have any obstacle. In this case, the description is based on a chosen intrinsic state from all |m 
Under the change of the notationsŜ 1 =Ŝ + ,Ŝ 1 =Ŝ − and (1/2)Ŝ 1 1 =Ŝ 0 , we can see that (Ŝ ±,0 ) forms the su(2)-algebra in the original Schwinger boson representation.
13) The intrinsic state is only of the form
Further, the excited state generating operator isΦ 1 =Ŝ 1 =Ŝ + . Then, under the change of the notationsâ 1 =â and m 0 = 2s, the orthogonal set is given in the conventional notations
The relations (6 . 3) and (6 . 4) lead us to
The relation (7 . 4) shows
In relation to the applicability of the su(2)-algebra in the Schwinger boson representation to the finite temperature effects, in Appendix, we discuss the connection of the state |m shown in the relation (7 . 2) or (7 . 3) to |m in the Lipkin model in the su(2)-algebra in detail.
Next, we discuss the case (M = 2, N = 1), i.e., the su(3)-algebra. The generators are obtained by putting i, j = 1, 2 and p = 1 in the expression (2 . 1). In this case, the intrinsic states are expressed in terms of two operators: The above means that, by relabeling the operators, the case (7 . 8) is reduced to the case (7 . 7). Therefore, the case (7 . 8) is also in the symmetric representation. In the case of the 
